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A new solution to Einstein’s equations with a negative bulk cosmological constant in infinite
(1+5)-spacetime is found. It is shown that the zero modes of all kinds of matter fields and 4-gravity
are localized in (1 + 3) subspace by the increasing and limited from above warp factor.
It is believed that the idea of extra dimensions would be one of the most attractive ideas concerning unification
of gauge fields with general relativity. Lot of attention has been devoted recently to alternatives of Kaluza-Klein
compactification . Large extra dimensions [1, 2] offer an opportunity for a new solutions to old problems (smallness
of cosmological constant, the origin of the hierarchy problem, the nature of flavor, etc.). In such theories our world
can be associated with a 3-brane, embedded in a higher-dimensional spacetime with non-compact extra dimensions
and non-factorizable geometry. In this scenario, it is assumed that all the matter fields are constrained to live on the
3-brane and the corrections to four dimensional Newton’s gravity low from bulk gravitons are small for macroscopic
scales. But this models still need some natural mechanism of localization of known particles on the brane. The
solutions to Einstein’s equations in extra dimensions and the questions of matter localization on the brane have been
investigated in various papers [3, 4, 5, 6, 7]. In our opinion the localizing force must be universal for all types of
4-dimensional matter fields. In our world the gravity is known to be the unique interaction which has universal
coupling with all matter fields. If extended extra dimensions exist, it is natural to assume that trapping of matter on
the brane has a gravitational nature. In the present paper our world is considered as a single ”fat” brane with the
proper stress-energy tensor embedded in (1 + 5)-spacetime. It must be noted that the (1 + 5)-spacetime is of special
importance to physics. That comes from the observation that logarithmic gauge coupling unification may be achieved
in theories with two large spatial dimensions [8]. The logarithmic behavior of the Green’s functions in effectively two
dimensions has a chance of giving rise to logarithmic variation of the parameters on the brane, thereby reproducing
the logarithmic running of coupling constants.
In this article for the infinite (1+5)-spacetime with a negative bulk cosmological constant we present the new
solution to Einstein’s equations with the increasing and limited from above warp factor and show that the zero modes
of all kinds of matter fields and 4-gravity are localized on the 3-brane.
Let us begin with the details of our solution. In 6D the Einstein equations with a bulk cosmological constant Λ
and stress-energy tensor TAB
RAB − 1
2
gABR =
1
M4
(ΛgAB + TAB) (1)
can be derived from the whole action of the gravitating system
S =
∫
d6x
√−g
[
M4
2
(R+ 2Λ) + L
]
(2)
RAB , R,M and L are respectively the Ricci tensor, the scalar curvature, the fundamental scale and the Lagrangian of
matter fields (including brane). All of these physical quantities refer to (1+5)- space with signature (+− ...−), capital
Latin indices run over A,B, ... = 0, 1, 2, 3, 5, 6. Suppose that the equations (1) admit a solution that is consistent
with four-dimensional Poincare´ invariance. Introducing for the extra dimensions the polar coordinates (r, θ), where
0 ≤ r < +∞ , 0 ≤ θ < 2pi , the six-dimensional metric satisfying this ansatz we can choose in the form [5] :
ds2 = φ2(r)ηαβ(x
ν )dxαdxβ − dr2 − g(r)dθ2, (3)
where small Greek indices α, β, ... = 0, 1, 2, 3 numerate coordinates and physical quantities in four-dimensional space,
the functions φ(r) and g(r) depend only on r and are cylindrically symmetric in the extra-space, the metric signature
is (+ − ...−).The function g(r) must be positive to fix the signature of the metric (3).
The source of the brane is described by a stress-energy tensor TAB also cylindrically symmetric in the extra-space.
Its nonzero components we choose in the form
T µν = δ
µ
νF0(r), T
r
r = T
θ
θ = F (r), (4)
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2where we have introduced two source functions F0 and F , which depend only on the radial coordinate r.
By using cylindrically symmetric metric ansatz (3) and stress-energy tensor (4), the Einstein equations become
3
φ′′
φ
+ 3
φ′2
φ2
+
3
2
φ′g′
φg
+
1
2
g′′
g
− g
′2
4g2
= − 1
M4
(Λ + F0) +
ΛPhys
M2P
, (5)
6
φ′2
φ2
+ 2
φ′g′
φg
= − 1
M4
(Λ + F ) + 2
ΛPhys
M2P
1
φ2
, (6)
4
φ′′
φ
+ 6
φ′2
φ2
= − 1
M4
(Λ + F ) + 2
Λphys
M2P
1
φ2
, (7)
where the prime denotes differentiation d/dr. The constant Λphys represents the physical four-dimensional cosmolog-
ical constant, where
R
(4)
αβ −
1
2
gαβR
(4) =
Λphys
M2P
gαβ . (8)
In this equation R
(4)
αβ , R
(4) andMP are four-dimensional physical quantities: Ricci tensor, scalar curvature and Planck
scale.
In the case Λphys = 0 from the equations (5), (6) and (7) we can find
F ′ + 4
φ′
φ
(F − F0) = 0, (9)
g = δφ′2, δ = const > 0, (10)
4
φ′′
φ
+ 6
φ′2
φ2
= − 1
M4
(F + Λ) . (11)
The (9) represents the connection between source functions, it is simply a consequence of the conservation of the
stress-energy tensor and can be also independently derived directly from DAT
A
B = 0.
Suppose F (r) = εφ2 + ρφ, where ε and ρ are some constants. Then taking the first integral of the last equation
[4], we get
φ′2 = kφ2
(
5ε
7Λ
φ2 +
5ρ
6Λ
φ+ 1
)
+
C
φ3
, (12)
where we have introduced the parameter
k = − Λ
10M4
, (13)
and C is the integration constant. Setting C = 0 and introducing boundary conditions at the origin and at the infinity
of transverse space
φ|r=0 ≃ 1, φ|r=+∞ = const > 1, (14)
in the case
Λ < 0, ε < 0, ρ = 12
√
εΛ
35
, (15)
we can easily find the solution of the equation (12)
φ(r) =
1
(α+ e−
√
kr)
(16)
3where the parameter α is small
α =
√
5ε
7Λ
≪ 1. (17)
This solution gives the warp factor φ2(r) growing from value (1 + α)−1 at the origin and approaching a finite value
α−1 at infinity of transverse space.
With our metric ansatz (3), the general expression for the four-dimensional reduced Plank scale MP , expressed
in terms of M , is
M2P =M
4
∫ +∞
0
√
−6g
φ2
dr
∫ 2pi
0
dθ =
2pi
3
√
δM4α−3
(
1− α
3
(1 + α3)
)
(18)
In the case (17) when α is small, we have
M2P =
2pi
3
√
δM4α−3. (19)
The inequalityM ≪MP is possible by adjusting M4 and the product of
√
δ by α−3, and thus could lead to a solution
of the gauge hierarchy problem along the lines of [2].
A first step in constructing a low energy effective theory is an analysis of the spectrum of small perturbations
around the solution (16). Consider the spectrum of small fluctuations of metric, gauge and scalar fields and fermionic
excitations near background [7] . An effective 4-dimensional low-energy theory could arise if the following conditions
are satisfied: (i) the spectrum contains normalizable zero (or small mass) modes of graviton, gauge, scalar and fermion
fields, with wave functions of the type exp (ipαx
α)ψ(r, θ); (ii) the effects of higher modes should be experimentally
unobservable at low energies.
We start from the spin-2 metric fluctuations Hµν
ds2 =
{
φ2(r)ηαβ(x
ν) +Hαβ
}
dxαdxβ − dr2 −
√
δφ′2dθ2. (20)
From the 4-dimensional point of view they are described by a tensor field Hµν which is transverse and traceless:
∂µH
µ
ν = 0, H
µ
µ = 0. (21)
This tensor is invariant under 4-dimensional general coordinate transformations. For the fluctuations we can take the
following form
Hαβ = hαβ(x
ν)
∑
ml
τm(r) exp(iθl). (22)
Separating the variables in the equations of motion for linearized metric fluctuations (22) it is easy to find the equations
for the 4-dimensional hαβ(x
ν) and the radial τm(r) modes
∂2hµν(x
α) = m20hµν(x
α), (23)
φ2(r)τ ′′m(r) +
(
2φ(r)φ′(r) +
φ2(r)φ′′(r)
φ′(r)
)
τ ′m(r) = m
2τm(r), (24)
where
m2 = m20 +
l2
2
√
δ
φ2(r)
φ′2(r)
(25)
m2 in (25) contains the contributions from the the orbital angular momentum l in the transverse space. The differential
operator (24) is self-adjoint.It is easy to see that the equation (24) has the zero-mass (m20 = 0) and s-wave (l = 0)
constant solution τ0 = const. Substitution of this zero mode into the Einstein-Hilbert action leads to
S(0) = τ20
∫
drdθ
√
−6g
φ2
∫
d4x
√−η∂βhµν∂βhµν + ... = (26)
4= 2pi
√
δτ20
α−1∫
(1+α)−1
φ2dφ
∫
d4x
√−η∂βhµν∂βhµν + ... = (27)
=
2pi
√
δ
3
τ20α
−3
(
1− α
3
(1 + α)
3
)∫
d4x
√−η∂βhµν∂βhµν + ... . (28)
The localization condition requires the integral over φ in (26) to be finite, as it is actually (28). A wavefunction in
flat space can be defined as
ψ0(r) =
√√√√ 3kα3
2pi
√
δ
(
1− α3
(1+α)3
) e− 12√kr(
α+ e−
√
kr
)4 , (29)
so the zero-mode tensor fluctuation is localized near the origin r = 0 and is normalizable. The contribution from the
nonzero modes will modify four- dimensional gravity. It is easy to show [6] that this corrections are suppressed by
O
[
1
/
r3
]
and their effect on flat 4D-space is weak.
Now let us consider the action of a massless real scalar field coupled to gravity:
SΦ = −1
2
∫
d6
√
−6ggAB∂AΦ∂BΦ, (30)
from which the equation of motion can be derived in the form:
1√
−6g ∂M
(√
−6ggMN∂NΦ
)
= 0. (31)
In the background metric (3) the equation of motion(31) becomes:
φ2φ′ηµν∂µ∂νΦ− ∂r
(
φ4φ′∂rΦ
)− φ4
δφ′
∂2θΦ = 0. (32)
Let us look for solutions of the form Φ
(
xM
)
= υ (xµ)
∑
l,m
ρm (r) e
ilθ, where the 4-dimensional scalar field satisfies
Klein-Gordon equation ηµν∂µ∂νυ (x
α) = m20υ (x
α), then for the radial modes ρm (r) we have equation
∂r
(
φ4φ′∂rρm (r)
)
= φ2φ′
(
m20 +
φ2
δφ′2
l2
)
ρm (r) . (33)
It is clear that this equation has the zero-mass (m0 = 0) and s-wave (l = 0) constant solution ρm (r) = ρ0 = const.
Let us substitute the zero mode ρ0 into the starting action (30) and check if the constant solution is a normalizable
solution or not. With Φ0
(
xM
)
= υ (xµ) ρ0, the action (30) can be cast to
S
(0)
Φ = −
1
2
∫
d6
√
−6ggAB∂AΦ0∂BΦ0 = (34)
= −1
2
∫
drdθ
√
δφ2φ′ρ20
∫
d4x
√−ηηνµ∂νυ (xα) ∂µυ (xα) = (35)
= −pi
√
δρ20
α−1∫
(1+α)−1
φ2dφ
∫
d4x
√−ηηνµ∂νυ (xα) ∂µυ (xα) = (36)
= −pi
√
δ
3
ρ20α
−3
(
1− α
3
1 + α3
)∫
d4x
√−ηηνµ∂νυ (xα) ∂µυ (xα) . (37)
5As in the previous case the localization condition requires the integral over φ in (36) to be finite, as it is actually. So
the 4-dimensional scalar field is localized on the brane.
Let us start with the action of U(1) vector field:
SF = −1
4
∫
d6x
√
−6ggABgMNFAMFBN , (38)
where FMN = ∂MAN − ∂NAM as usual. From this action the equation of motion is given by
1√
−6g ∂M
(√
−6ggMNgRSFNS
)
= 0. (39)
For the metric (3) this equation becomes
φ2φ′∂µ
(
ηµνgRTFνT
)− ∂r (φ4φ′gRTFrT )− φ4
δφ′
gRT∂θFθT = 0. (40)
By choosing the gauge condition Aθ = 0 and decomposing the vector field as
Aµ
(
xM
)
= aµ (x
µ)
∑
l,m
σm (r) e
ilθ, (41)
Ar
(
xM
)
= ar (x
µ)
∑
l,m
σm (r) e
ilθ, (42)
it is straightforward to see that there is the s-wave (l = 0) constant solution σm (r) = σ0 = const and ar = const. In
deriving this solution we have used ∂µa
µ = ∂µfµν = 0 with the definition of fµν = ∂µaν − ∂νaµ. As in the previous
cases, let us substitute this constant solution into the action (38). It turns out that the action is reduced to
S
(0)
F = −
1
4
∫
d6x
√
−6ggABgMNF (0)AMF (0)BN = (43)
= −pi
2
√
δ
α−1∫
(1+α)−1
dφ
∫
d4x
√−ηηαβηµνf (0)αµ f (0)βν = (44)
= −pi
√
δ
2
α−1 (1 + α)−1
∫
d4x
√−ηηαβηµνf (0)αµ f (0)βν . (45)
Thus, the vector field is localized on the brane.
For spin 1/2 fermion starting action is the Dirac action given by
SΨ =
∫
d6x
√
−6gΨi (ΓMDM +m)Ψ, (46)
from which the equation of motion is given by
0 = ΓMDMΨ =
(
ΓµDµ + Γ
rDr + Γ
θDθ +m
)
Ψ. (47)
An important feature of the action (46) is the existence of mass term but we do not argue the origin of the term
at present. The relations between the curved-space gamma matrices (
{
ΓA,ΓB
}
= 2gAB) and the minkowskian ones
(
{
γA, γB
}
= 2ηAB) read as follows:
Γµ =
1
φ
γµ, Γr = γr, Γθ =
1√
δφ′
γµ. (48)
The spin connection is defined as
ωM˜N˜M =
1
2
hNM˜
(
∂Mh
N˜
N − ∂NhN˜M
)
− 1
2
hNN˜
(
∂Mh
M˜
N − ∂NhM˜M
)
−
6−1
2
hPM˜hQN˜
(
∂PhQR˜ − ∂QhPR˜
)
hR˜M ,
where M˜ , N˜ , ... denote the local Lorentz indices. The non-vanishing components of the spin-connection for the
background metric (3) are
ωrµα = φ
′δµα, ω
rθ
θ =
√
δφ′′.
Therefore, the covariant derivatives have the form
DµΨ =
(
∂µ +
1
2
ωrαµ γrγα
)
Ψ, DrΨ = ∂rΨ, DθΨ =
(
∂θ +
1
2
ωrθθ γrγθ
)
.
After these conventions are set we can decompose the 6-dimensional spinor into the form Ψ
(
xM
)
= ψ (xµ)A (r)
∑
eilθ.
We require that the four-dimensional part satisfies the massless equation of motion γµ∂µψ
(
xβ
)
= 0 and the condition
Γrψ (xµ) = ψ (xµ). As a result we obtain the following equation for the s-wave mode(
∂r + 2
φ′
φ
+
1
2
φ′′
φ′
+m
)
A (r) = 0. (49)
The solution to this equation reads:
A (r) = Cφ−2φ′−
1
2 e−mr, (50)
with C being an integration constant. Substituting this solution into the Dirac action (46) we have
S
(0)
Ψ =
∫
d6x
√
−6gΨ0iΓMDMΨ0 = (51)
= 2pi
√
δC2
+∞∫
0
dre−2mr
φ
∫
d4x
√−ηψiγµ∂µψ + ... = (52)
= 2pi
√
δC2
(
α
2m
+
1
2m+
√
k
)∫
d4x
√−ηψiγµ∂µψ + ... . (53)
In order to localize spin 1/2 fermion in this framework, the integral over r in the equation (51) should be finite. But
this quantity is obviously convergent.
To summarize, in this Letter we have presented new solution to the Einstein’s equations in the (1+5) -spacetime.
These solution is found for the negative bulk cosmological constant Λ < 0 and it has increasing scale factor φ (r) and a
convergent volume integral, although the transversal 2-space is infinite. In addition for our solution we have presented
a complete analysis of localization of a bulk fields at the origin in the extra space.
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